Lecture 5

6. SIMPLEST HARMONIC CURRENT CIRCUITS

6.1. The Harmonic Current Circuit with
of R, L, C Elements
Consider the networks in Fi
vary according to the ha
can be written as

a Series Connection

Fig 1.9, a. Let the voltage u of the source
rmonic law [8-10]. Its image in complex form

u=U,cos(t+¥ \=U, = /v
m b4
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According to Kirchhoff’s voltage law we get
U=u, +u, +u.
or

dr 1%
U, cos(wf+ =ri+L—+—|idt. 6.1
m ( W(/) dt Cg ( )

The integral-differential equation (6.1) is the equation of electrical
equilibrium for the circuit in Fig. 1.9, a. Let the current be:
i=1,cos(ot+y,)= ]:n =1 e,
Write down the image of the equation (6.1) in complex form
U, =rl, + joLI,+—n =

joC

1 ) ) (6.2)
=(r+ja)L+—_——JIm =ZI,,

JjoC
where

1 1. .
Z=r+ joL+ =r+j| OL—— |=r+ jx=2Z¢’* — complex
SO =TT ( mc) . P
impedance of a circuit;

1 . _
x=0L o reactive impedance of a circuit;
)

2
Z=Ar+x* = \/,_2 +(00L —%) — impedance of a circuit;
®

. ol - _1_
@ = arctan— = arctan o6 _ phase angle of a circuit — phase
r
shift between the current and the voltage in a circuit.
Now from (6.2) we get

[ _Un _Une™ U,

‘)"\P”"(P = ./\PI
e i e T (6.3)

That iS Im :%, lI',,' =‘Pu '.(Pa (lePu _lPi'
The voltage across the resistance R:

Uy, =7 I, =l =y In g/¥s-0), (6.4)
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That is, the voltage across the active resistance r, according to (6.3)

and §6.4), is in phase with the current and lags in phase from the voltage
applied to the circuit by the angle o.

The voltage across the inductance Z:

T
—p+—

U, = joLI =Ll e™¢'? = mLEZ’lej[w" ’ ZJ_ (6.5)

That is, the voltage across the inductor L, according to (6.3) and

(6.5), leads the current in phase by the angle = ;
2

The voltage across the capacitance C:

. 7 ) i (lp — __’TJ
Umc . - ej\pie J2 = Um e.f u=P 2
g wCZ

Le. voltage across the capacitance C, according to (6.3) and (6.6),

(6.6)

lags in phase from the current by the angle Z,
2

In going from the complex image to the original, we will obtain from

(6.3)~(6.6):

: n

bt cos(wr +¥, —9),

u, =—=

rU )
S cos(wr+¥, -9),

olLU, T
u, = > Y08 mr+‘P,,—<p+5],

Upi= Y cos| wt+ ¥ T
C wC7Z @ u (P —EJ
In Fig. 6.1 vector di ircuit (Fi
s, g or diagrams for the , L, C — circuit (Fig. 1.9, @) are

Here, in Fig. 6.1, a, the voltage U, leads the current I:,, in phase.

T_he 2_1ng1e ¢ measured from the current to the voltage is positive. The
circuit as a whole is inductive in nature.
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1

In Fig. 6.1, b the voltage U lags from the current 7,, . The angle ¢
is negative. The circuit as a whole is capacitive in nature.

¢>0 <0
A Im B
U jm U I
— = j L m
mC j(DC mL .}m
U, ,
Im
L]
Wy s 2
Umr:rI-”.L.. i
W Re 1 Ly
me ==
joC

Fig. 6.1
Dividing all values of the vector diagrams in Fig. 6.1 by the current

;T,,, , we obtain the corresponding vector diagrams for resistances
(Fig. 6.2).

Here the angle ¢ is measured from the active resistance r to the
complex impedance Z. The vector diagrams in Fig. 6.2, a and b for an
inductive load (¢>0) are equivalent. Also, the vector diagrams in
Fig. 6.2, ¢ and d for a capacitive load (9<0) are equivalent. The
triangles 0AB in Fig. 6.2 are resistance triangles.

Inductive reactance x; = ® L and capacitive reactance x¢ = /o C
depend on the frequency w.

Dependence diagrams of the resistance #, inductive reactance xi,
capacitive reactance xc reactive reactance x=o -1/ oC and
impedance Z are depicted in Fig. 6.3.

It is obvious that at the frequency @, we get:

X=X, —Xp =0y —-C:)'O—-— .
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w,L 2,
®,C

x
¢ = arctan — = arctan —————,

r

¥

. U . .
era I :_m' Ut =l -

m

r
>0
A Im ® A ¢> L
1 h
el 707
joC 4 B
-
Z B Z /
Jjx
- -Rie L) Re
0 r A4 0 N
a b
& Im = 0 A Q= 0
\
JjoL
-
Fr =_“ .J:e -‘ {ee
A 0 (0} ¥ a3 A e
1 = Jx
JjoC
B B
& d
Fig. 6.2
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It is obvious that at the N FoXo Xy, X0y Z

frequency @, we get: 7
1 jwyL
x=x, —Xe =@gL———=0, 1%
. r
Bt © -
Wy C -

X W,
¢ = arctan — = arctan ——————,
4

- U . .
er', Im =—"Ln'_, UmL =UmC =
r
This mode is referred to as
voltage resonance and will be
discussed in detail below.

Vector diagrams for the
frequency @,are shown in Fig.6.4,a (for currents and voltages) and in

Fig. 6.4, b (for resistances).
Reactive power at voltage resonance is equal to zero. Power in the circuit

is purely active.

Fig. 6.3

& Im (p=0 A Im (P=0

. A

UmL =j0‘)L1m

JjoL

- Z=r )

Re F Re
a b
Fig. 6.4

6.2. The Harmonic Current Circuit
with 2 Series Connection of R, L. Elements

Relationships for this kind of circuit can be derived from the
expressions of section 6.1 with C — . Indeed we get

x_l
€ ec’
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That is, the capacitance C in Fig. 1.9, a can be replaced by a short-

circuited jumper.
Then, we get
u=u, +u,
or
. di
UmCOS((Dt +\PR ) =i L :

dt
And we can write:

where
Z=r+joL=r+ jx=Ze",
Reactance
x=x;, =L.
Impedance
Z=\r+x* =P+ (L) .
The phase angle
Q= atanf = atan—cEL—.
-

_ The current in the circuit and voltages across the resistance r and
inductance L are defined by expressions (6.3)(6.5). In Fig. 6.5 vector

diagrams for the voltages and current are shown for the circuit (a) and
for the resistances (5).

1} Im (P>O A i (p>0
s . .
Unt = joL Iy o _
1. Jx=jx, = joL
A . z
_mr'=rlm> O -
0l v; Re 0 ral R::
a b
Fig. 6.5
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6.3. The Harmonic Current Circuit with
a Series Connection of R, C Elements

Relationships for this kind of circuit can be derived from expressions
of section 6.1 when L = 0. Indeed we get

x, =wL=0.

That is the inductance L in Fig. 1.9, a can be replaced by a shori-
circuited jumper. Then we get

u=u, +uc
or
bt
U,cos(ot+¥,)=ri+—1[idT.
C o
We can write from (6.2)
. l . .
Un=|r+ =21,
jol
where
Z=r+ =r—j—}-i—=r+jx=Ze-"P.
jaoC oC
Reactance
i
X=X- xC = _"E
Impedance
2
[z . 2 1
Z=Nrt+x’ = r“-[—) .
wC
The phase angle

X ( 1
= atan-- =aran =-—atan
& 7 ) wCr

l\_ oCr
The current in the circuit and voltages across the resistance R and
capacitance C are defined by expressions (6.3)—(6.4) and (6.6).
In Fig. 6.6 vector diagrams for the voltages and current are presents
for the circuit () and resistances (£).
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4 im ¢<0 b i 0<0
Uﬁ?r:r.[m »
V; Ume =22
: P : JjoC F
Z .
! b
Fig. 6.6

* 6.4. The Harmonic Current Circuit with
a Parallel Connection of R, L, CElements

Consider the networks in Fi

g. 1.9, 5, which js:d .
Fig. 1.9, a. It is obvious 15 dual o the network in

that all relationships for this network can i
‘ ] an be
obtan_ied_ from the expressions of sections 6.1—6.3 by means of dual
substitution. Let the energy source create a current
J =Imcos(mt+‘}‘j)¥fm =) g7,
According to Kirchhoff’s current law we get
J=L A0y +4,
or
jmcos(coz-'r‘i’j):ug+Cc—ig+lj'ud’c (6.7
& Ly )
The image of (6.7) in complex form can be written as
_7:1=g(.fm+j0)c{.]m+£]1= + j —1_ 7 = ;
- ij g j(ﬂC+ij Dm—YUm, (68)

where

. . 1 (1
F=g+joC+—=g— j| — - = 7 B

g+J P g JL&)L mC] =g-=Jjb=ye”® — complex
admittance of the circuit;

b= T ®C' — susceptance of the circuit;
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2
1 . e
2 2 2 4 s
= / +h% = +| ——’ — admittance of the circuit;
Yy g \/ g [ s )

1
——wC
ol

vy

phase shift between the current and the voltage in the circuit.
Now from (6.8) we get

(pzarctan£=arctan — phase angle of the circuit —

U= dn = Tue ™ Tn 00 gy o (6.9)
mn % ye_jlp ¥ 28 .

That is

Um =.Z;L; L :Wj"‘(P; {P:Wu"‘lfj-

The current in the conductance g is

I.=glUa=gl 2", (6.10)
That is current in the active conductance g, according to (6.9) and
(6.10) is in phase with the voltage and lags in phase from the source
current by the angle ¢.
The current in the capacitance C is

¥ . = i J er"'f
Imc = joCU,, =wCU, Vg2 :(DCUme( 2). (6.11)

That is current in the capacitance C, according to (6.9) and (6.11),
leads the voltage in phase by the angle ¢.
The current in the inductance L is

My T ( —-’5)
Ume e }'.7. = Um' ej Yo 2 .

(6.12)
JoL ol ol

Tmp, =

That is current in the inductance L, according to (6.9) and (6.12),
lags in phase from the voltage by the angle ¢.

In going from the compiex image to the original, we will obtain from
(6.9), (6.10)~(5.12)

u=U cos(a¢+V,),
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i, =gU,cos(wr+v, ),

. i
I =0CUnp cos(mz +y, +5J,

] _ﬂcos[(mw\ —-EJ
L ol I“u 2 '
In Fig. 6.7 vector diagrams for the », L, C — circuit in Fig. 1.9, b arz

shown. Here, in Fig. 6.7, a, the current .7,,, ieads the voltage U, in
phase. The angle ¢ measured from the current to voltage, is negative.

(p>0 F;’m (p<0

& Im .

I}mC:j(DCUm . .
= [mC:ijUm

Fig. 6.7

The current 7, in Fig. 6.7, 4 lags in phase from the voltage U,. The
angle @ is positive.
The circuit as a whole is inductive in nature.

. Dividing all values of the vector diagrams in Fig. 6.7 by the voltage
Un we get the corresponding vector diagrams for conductances
(Fig. 6.8).

Here the angle ¢ is measured from the admitiance ¥,
The vector diagrams (Fig. 6.8, @ and b) for a capacitive load (@< 0)
are equivalent.
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Fig. 6.8

i ; in Fi od d for an inductive load
Similarly, the vector diagrams in Fig. 6.8, ¢ and ;
(0 >I(I}n)1 arg equivalent. The triangles 0AB in Fig. 6.8 are conductance
triangles.
i ircuit wi llel Connection
2 Harmonic Current Circuit with a Para
g e of R, L Elements

Relationships for this kind of circuit can be derived fzom expressions
of section 6.4 when C=0. Indqu we get
Dp Guin 2.f bc =0 =0
That is, the capacitance C in Fig. 1.9, b can be replaced by a break in
the branch with the capacitance. Then from (6. 1§) we obtain
J=ig i
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or

1!
,,,COS((DI +‘|’_,~') = ug+E[ud'c.
0

From (6.8) we get

. 1 . "
Jm =[g+-‘—JUm < Yl ,
el m

where
1
Y= —j—=g—jh= -9
g JG)L g—jb=ye™ ",
Susceptance
b = bL — —lz-
Admittance .
2
y=yg?+h* = | +[_II) _
: ()]
The phase angle 4
b 1

p=atan— = atan——.
g gl
The voltage at the terminals of the circui
. e circuit and the currents i
(cgrgt)lctr?hnge gand _mdu;:tance L are defined by expressions (6.9), (i 6s 13; ;x]:de
(6.12). The expression for instantaneous values of volta; d curn
;‘deréltllcal with expressions o!Jtained in section 6.4. In Fig.gg.?) ilctz]:g?agrallts mare
or the voltage and currents in the circuit (@) and conductances (b) are given :

‘r Im. (P<0 Ar Im (P<O
L, =gU, =
! b B g Re
0 ¢/ il ¥ -
. . - 0
m m ]mL =T ¥
JoL —jb, = l
jolL
a
b
Fig. 6.9

8.6. The Harmonic Current Circuit
with a Parallel Connection
of R, C Elements

Relationships for this kind of circuit can be derived from expressions

of section 6.4 when L — . Indeed we get
1
b, =—=0.
L oL
That is the inductance L in Fig. 1.9, b, can be replaced by a break in
the branch with the inductance. Then

j=1g+lc
or

.fmcos(mti—\pj):ug-l-C-fl—z:.

From (6.8) we obtain
1, =(g+joC)U, =YU,,

where
Y=g+ joC=g—jb=ye .
Susceptance
b=-b. =—wC.
Admittance
The phase angle |

b ( mC] oC
@=arctg—=atan| —— |= —atan—.
g g g

The voltage across the terminals of the circuit and the currents in the
conductance g and capacitance C are defined by expressions (6.10) and
(6.11). The expressions for instantaneous values of voltages and
currents are identical to those in section 6.4. Fig. 6.10 shows vector
diagrams for the voltages and currents in the circuit (a) and
conductances (b). |




A Im ¢<0 A I ¢<0 The reactive component of the complex input impedance
: : wR’C
Jm=YUm . . mezml,—-—--——z-.
?Il ImC :ijUm jb='—jbc =](DC 1+((0RC)
P X Jm_ Y For X,, =0, we obtain
= l.=gU ©® 2
ng o1 —_— 2 R C
0 W; Re 0 g Re u)L——-ﬂ—z=0;L—*—'—f =(.
i b 1-(RC) 1+(@RC)
Fig. 6.10 Hence
11 ! ] =6,6-10%7".
le 1 =, |—= = = :

Example m*\fLC R2C? \[0,1-0,2-104’ (2.103)2 (0,2~10ﬁ6)2
Calculate the frequency at which the reactive component of the input

complex impedance of the circuit (Fig. 6.11) is equal to zero.

The parameters of the circuit: L=0,1H; C =0,2 mcF; R = 2k0 hms.
S YN -
IL L IC" IR
G R
o
Fig. 6.11

Solution
Find the complex impedance of the circuit. The complex admittance
of a parallel-connected resistance and a capacitance is

I 1;C=};€+1’C=%+jmc.

J ! The complex input impedance

1 1
Zip =2, +——=jOL+————= joL + —~ =
GRS %ch 1+ joC
R(1-joRC — jvR?
= T (1—J ) : R=pRC

= jv =
(1+ /orRC)(1=jorC) """ T (wRC)

2
N S P |
1+(@RC) 1+(wRC)
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